Several traditional methods are available to address the problem of instability in concrete shells, usually by means of curves representing the influence of the initial geometric imperfections in the buckling load for simple geometries (spheres and cylinders). Although some revisions of these methods have been made, new curves for other geometries have not been stated. In this study, the imperfection sensitivity factor in shell structures with different geometries (spherical dome, barrel vault, and doublecurvature ruled surface) is determined graphically. This graphical method is useful to the designer in the early stages of the design of shell structures when dimensioning.
Introduction
The buckling load of shells constructed in homogeneous elastic material sharply decreases with increasing initial imperfection amplitude w 0 . This decrease is due to the magnitude of the imperfection itself and the eccentricity e 0 of the compressive force caused by this imperfection. In the case of homogeneous material shells, the stiffness of the shell cross section is practically independent of the eccentricity, so it is sufficient to investigate only the decrease of the buckling load with increasing imperfection alone.
However, the plastic deformation; the load bearing capacity provided by the shell wall; and the stiffness of the cracked reinforced concrete cross section are heavily dependent on the eccentricity of the normal force applied. The influence of the imperfection w 0 and that of the eccentricity e 0 of the normal force may be dealt with separately. However, a relationship between both may be stated [1] .
In the late 1970s, the International Association for Shell and Spatial Structures (IASS) Working Group No. 5 [2] devised a document of recommendations for reinforced concrete shells. The section on stability analysis includes a procedure based on the results of some previous research, particularly on the work of Kollár and Dulácska [3] . The procedure involves several factors that affect the linear buckling load Tomás Scordelis [4] and Medwadowski [5] observed that the method provides conservative results in the case of spherical domes. However, Kollár [6] compared the theoretical predictions with experimental results and found great similarity. The first review of the Recommendations was prepared by Kollár [7] . Years later, Medwadowski [5] went back to revise the initial and the Kollár proposals, presenting some modifications and suggestions.
The geometric imperfection sensitivity factor is the relationship of the upper critical load (the buckling load calculated by a geometric nonlinear analysis) with respect to the buckling critical load for linear homogeneous material (calculated by a linear or eigenvalue analysis, and proves to be greater than the upper critical load in most cases).
The calculation of this factor is often difficult. Some cases appear in the technical literature, such as spheres and cylinders [2] . These analytical solutions have the advantage of using abacuses and simple formulas to obtain the buckling load, but have the disadvantage of predicting this type of behaviour only for certain theoretical cases (sphere and cylinder), not being able to deal with structures with other geometries.
Some differences between analytical and numerical solutions for an actual shell can be consulted in [8, 9] .
In the absence of further information about the geometry, the IASS recommends using the safest case (sphere under radial pressure and axially compressed cylinder).
However, in most cases this approach is too conservative. Thus, it may be useful to study new geometries to obtain a better approach to their structural behaviour against imperfection. Tomás This paper is an updated and revised version of the conference paper [10] . In said paper, a method based on that used in [1, 3, 11] is implemented to graphically determine the imperfection sensitivity factor in the case of shells of different geometries (such as spherical dome, barrel vault, and double-curvature ruled: hyperbolic paraboloid and hyperbolic rotational surface) to those studied in the IASS Recommendations.
Although admitting that the graphical methods in structural mechanics are at present being replaced by numerical methods, the former are useful to the designer in the early stages of the design of shell structures at the level of dimensioning. Moreover, from the academic point of view, the graphical methods are particularly useful in the teaching of structural engineering.
In the present study, the contents of [10] have been revised and expanded, namely:
details are included of several proposals to quantify the initial geometric imperfection; the number of references has been increased; and application to different cases has been achieved by providing three detailed examples of outstanding shell structures in Spain.
These examples are the dome of Algeciras market; the cooling tower of the Ascó nuclear power plant; and the access building to L'Oceanogràfic (the Oceanographic Park at Valencia).
Imperfection sensitivity factor for homogeneous elastic material
The value of this factor is one if the shell is not sensitive to imperfection, and is otherwise less than one. The initial geometric imperfection sensitivity factor ρ hom is the relationship of the upper critical load p cr upper with respect to the buckling critical load for linear homogeneous material p cr lin .
The calculation of ρ hom is often difficult. Some cases may be found in technical literature. Fig. 1 shows the variation of ρ hom with respect to w 0 /e, where w 0 is a measure of the imperfection and e is the thickness of the shell. The curves A, B and C belong to laterally compressed long (L 2 /Re = 10000), medium (L 2 /Re = 1000), and short (L 2 /Re = 100) cylinders, respectively, with L length and R radius. The curve D is for spheres and axially compressed cylinders.
The initial imperfection consists of accidental imperfection w 0 '', due to erection inaccuracies, and calculable imperfection w 0 ', quantified by the bending theory of shells (a value of maximum deflection obtained for a certain service load combination using a linear elastic analysis).
The maximum values of both imperfections are unlikely to coincide. According to shells, using concrete as homogeneous material [2] .
Small deviations that may occur when estimating this value are considered by using a safety factor. In the case of preferring a more conservative way of designing, both types of imperfections may be taken into account at the same time.
To obtain w 0 '', Kollár and Dulácska [1, 3] proposed the following expression
where
if the shell is double curvature, with R 1 and R 2 being the mean principal radii of curvature of the shell. In the case of a sphere, both radii have the same value.
Eq. (3) is an approximate expression to quantify the accidental imperfection of a shell. This equation was used to construct the curves of Fig. 1 . Using this approach and modelling the shell by finite elements, the influence of the accidental imperfection may be stated by means of a geometric nonlinear analysis, which takes into account the effect of large displacements. However, it must be borne in mind that this equation is only valid for carefully erected shells (by using rigid formwork) and for a thickness between 0.05 and 0.07 m.
By the method of the IASS Recommendations, the linear buckling load of the perfect homogeneous shell P cr lin is used as a starting point. This load must be calculated In 1993, Kollár [7] proposed the following equation to quantify the initial geometric imperfections in shells
The form of this equation reflects the low probability that the largest values of w 0 '
and w 0 '' occur at the same location on the shell. In the same proposal [7] , the value of w 0 '' is to be calculated from the empirical equation
where β = 0.001(R/e) and the coefficient a is intended to account for the type of formwork, with a = 1 for rigid forms, and a = 6 for slipforms.
Thus, the value of w 0 '' varies between the practical limits of w 0 '' = 0.05e (thick shells) to w 0 '' = 0.3ea (thin shells).
Medwadowski [5] considers that the empirical formula proposed by Kollár yields small values of imperfections for very thin shells. However, the equation contains no provision for the value of R for shells of double curvature, other than spheres. For those reasons, the following modification is suggested as before, a = 1 for a shell cast on a rigid formwork, and a = 6 for a shell built using slipforms.
It can be extrapolated, observing Eq. (6) , that the equations proposed by Kollár are also valid for the calculation of accidental imperfections in the case of double curvature shells, just by taking
3 Imperfection sensitivity factor for several geometries of shells
Introduction
The curves of the influence of geometric imperfection in the critical buckling load of shells have only been defined for certain geometrical models (spheres and cylinders).
For this reason, in the absence of further information, the IASS recommends to use the safest curve (curve D for a sphere under radial pressure and axially compressed cylinder). However, this approach in most cases is too conservative. Thus, it may be useful to obtain new curves for other geometries in order to have a better approximation of their structural behaviour against imperfection.
In this section, the curves for several geometrical models of single and double curvature are presented [12] . Previously, validation of the method is performed by obtaining the curves corresponding to spheres and cylinders and by comparing them with the curves of the IASS Recommendations.
Sphere and cylinder. Validation of analysis method
To study the behaviour of the models against accidental geometric imperfection (w 0 ''), A tolerance of forces and displacements of 0.0001% has been used in the nonlinear analysis in order to obtain results with sufficient accuracy.
A mesh size that leads to a relative error less than or equal to 1% in the critical buckling load has been chosen. It does not lead to an excessively large computational cost and the obtained results have an acceptable error.
Different boundary conditions have been used (hinged edges, clamped edges, free edges but with a clamped support at the centre) in order to obtain a cloud of points with which to interpolate a curve. The influence of the boundary conditions in the model is not very crucial if the edges are not weaker than the shell itself, since most shells experience local buckling rather than global buckling [1] . As a priori buckling behaviour of each shell is unknown, all designs have been analysed with different restrictions (degrees of freedom) at their edges. Fig. 2 shows a graphical summary of  hom for several thicknesses and boundary conditions.
Using the validated method and following the same criteria stated in this section for the mesh size and the tolerance of forces and displacements, other usual geometrical configurations in the erection of shells are analysed.
Barrel vault and cylindrical shell
The influence of the imperfection is analysed for several boundary conditions to simulate different behaviour: barrel vault (supported on right edges) or cylindrical shell (supported on curve edges). The results are shown in Fig. 3 .
Spherical domes
In this section, the imperfection sensitivity is analysed considering several types of and 20º and a dome on a polygonal base with an angle of 36º have been used in this study (Fig. 4) .
Simple boundary conditions such as those which have been used (hinges and clamps) have little influence on results. However, there are sometimes cases where the critical load of spherical domes is reduced, not only because of imperfections, but also because of the boundary conditions on which they are supported [13] . 
Hyperbolic rotational surface
The study of the imperfection in these shells is complex because of being double-curved surfaces defined by two different radii. To estimate the imperfection sensitivity factor and the nonlinear buckling load in equidistant points w 0 /e, it is necessary to state an average radius (R  R  ) 1/2 that is obtained from two principal radii of curvature [5] , which also depend on other geometrical parameters such as radius and the length of the top and the base. These principal radii of curvature vary along the rotation axis, so it is necessary to state a reference point to define them and be able to perform calculations.
This kind of structures are usually characterized by the shape of their throat, which is considered as zero level, so it may be possible to refer the principal radii of curvature to this point. The calculation of these radii is developed in [12, 14] .
To state a common methodology to the cases considered in previous sections and to compare the results, it is necessary to study designs which meet the geometrical relationships of the short (l 2 /Re = 100), medium (l where R is the transverse radius of the tower and H the height [15] .
Initially, the medium and long hyperboloid designs are loaded to lateral compression, supported on two stiffness rings, which are hinged at both ends. The second case is the study of a hyperboloid between medium and long designs, subjected to axial load and supported on the same boundary conditions as above (Fig. 5a ). This latter design keeps the same proportions as the actual cooling towers. This last geometry has been adopted since, as was the case with the cylinders, the differences shown in the results for axial load between the medium and long hyperboloid are very small.
The following case that has been studied is the revolution hyperboloid with clamped ends (Fig. 5b) . It is not possible to study the shell subjected to axial load with these supports. The same models have also been analysed but with their ends free, supported on a stiffness ring in the mean cross section (Fig. 5c ).
This type of geometrical configurations is used in the cooling towers of nuclear Tomás 
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power plants. However, it is rare to find a cooling tower subjected to the loads and boundary conditions described previously. The case of axially compressed hyperboloid is perhaps closer to reality, but in no event with supports at the top. For this reason, it is advisable to perform an analysis to evaluate the imperfection sensitivity of a hyperboloid clamped on the base and subjected to gravitational load (Fig. 5d) . 
Hyperbolic paraboloid (hypar)
Two models have been defined by means of the translation of a reduced parabola and of a narrow parabola, both laterally and axially compressed.
As with rotational hyperboloid, the principal radii of curvature that define the geometries are referred to the throat of the models. These radii of curvature are different when moving from the throat transversally or longitudinally.
(c)
For this reason, the two above-mentioned designs need to be adopted, since two principal radii defined for any point of the shell do not take into account the shape of the parabola that defines the model. However, one of these radii considers the length and then it is not necessary to adopt several sizes of shells as was done in previous cases.
Several boundary conditions have been applied. Some of them have been used in previous geometries, and others are more appropriate for this particular case. 
Examples

Introduction
In this section, three examples of practical implementation are used: the access building to L'Oceanogràfic (The Oceanographic Park at Valencia), the dome of Algeciras Market, and the cooling tower of the Ascó nuclear power plant, all in Spain.
In these examples, the accidental imperfection sensitivity factor ( hom *) was obtained graphically and analytically, and was compared with that obtained by the graph for spheres, as recommended by the IASS. Subsequently, the initial geometric imperfection sensitivity factor ( hom ) is obtained in each example.
The case of  hom * is simply the application of a particular case (with a given R, e
and certain boundary conditions) in order to obtain a point on the curve, both graphically and analytically, and to see that the difference is small, because the graph is an interpolated curve, while the numerical method is an exact value.
The case of  hom is to lead the application of the graphical method further, into a real case, considering both imperfections (the accidental one and the calculable one).
These two imperfections are not added, as proposed by the IASS Recommendations, since the maximum values of both are very unlikely to coincide, but they should be used in combination in one of the equations proposed by several authors; Eq. (4) is one such example.
L'Oceanogràfic entrance building, Valencia
The hyperbolic paraboloid (hypar)
The calculation of the imperfection sensitivity factor of the concrete shell structure that is the access building to L'Oceanogràfic -the posthumous work of Félix Candela-is presented below (Fig. 7) . A complete description of the parameters and design variables used in the definition of the geometry may be consulted in [8, 16] . Because of the symmetry of geometry and loads, the analyses were carried out on one sixth of the shell, applying symmetry boundary conditions to the nodes in the symmetry planes, and restricting the translations in the x, y, and z directions of the nodes in the foundation plane. A convergence study using several mesh sizes was carried out to determine the mesh to use for this structure [8] . The most appropriate mesh, combining solution time and accuracy, was therefore employed in this study (Fig.   8 ). Fig. 8 . FE mesh of one sixth of the structure.
4.2.2
Accidental imperfection sensitivity factor  hom * . Graphical method.
Firstly, it is necessary to choose the type of graph that is more like the shell studied.
Observing the supports in the lobe analyzed, it can be concluded that its behaviour may be compared with an intermediate case between the narrow hypar with clamped lateral edges ( Fig. 6b) and one with clamped supports at corners (Fig. 6d) , although somewhat closer to the latter. Nevertheless, it should be noted that these curves are for laterally compressed shells, which are more conservative than in reality (shells are subjected under mainly gravitational load).
Among the calculation methods outlined in section 2 (IASS, Kollár and Medwadowski) it is more appropriate to use Medwadowski's method, as particularized for double curvature shells.
To quantify the value of accidental imperfection it is necessary to know the value of the geometric parameters that define the structure: height at its centre In the event of not having these graphs for hypar shells, the curve for the sphere and the axially compressed cylinder would have been used, following the IASS Recommendations, so a value of 0.59 would have been obtained, which is considerably more conservative (33.71% lower).
4.2.3
Accidental imperfection sensitivity factor  hom * . Analytical method.
To calculate the influence of accidental geometric imperfections analytically, it is necessary to carry out a buckling analysis of the structure. The ANSYS program of finite elements was used to model the shell [18] . Dividing the two results, the accidental imperfection sensitivity factor is obtained
Using the graphical method, the factor is 2.2% more conservative than the analytical result. This error is negligible given that  hom * is corrected by a safety factor, which considers small deviations in the calculation. However, using the IASS Recommendations for spheres, the factor is 35.16% lower, resulting in an excessive over-sizing of the structure.
4.2.4
Initial geometric imperfection sensitivity factor  hom .
The calculable imperfection w 0 ' is quantified by the bending theory of shells (a value of maximum deflection obtained for a certain service load combination using a linear elastic analysis).
In this research, it is necessary to analyse the structure to obtain the deflection just before the start of buckling. In a real case, if the aim is to obtain a value of  hom for a shell with a certain geometry, without comparing it with that of the sphere, the designer must use the deflection of the shell starting with the worst service load combination.
However, no load combination has been used in this research, but the highest possible deflection in the shell has been chosen, i.e., the deflection just before the start of buckling. It does not matter which deflection is chosen if the aim is to graphically compare the  hom of a certain geometry with the  hom of the sphere, since the result is a ratio that relates both  hom , a ratio that is independent on the chosen deflection. Using Eq. (4), the initial global geometric imperfection of the shell w 0 is 0.0591 m and the ratio w 0 /e is 0.99. Using graphs in Fig. 6b and 6d , the average value of the initial geometric imperfection sensitivity factor  hom is 0.79.
Again, there is a noticeable difference between this factor and that obtained using the curve for spheres. In the latter case, the factor is 0.20, 74.68% lower than the result obtained with the curves of Fig. 6b and 6d.
It is appropriate to clarify why the deflection just before the start of buckling has been used to obtain  hom : because it is easy to achieve, and the resulting  hom is only used for comparison with the  hom of the sphere from the IASS Recommendations. That is to say that any value of the deflection is valid in order to draw a comparison. In a real case, if  hom is required to be used in the design (without being compared with the sphere value), the designer must use the deflection of the shell from the worst combination of service loads.
Algeciras Market
The dome
The roof, designed by Eduardo Torroja, consists of a spherical cap of reinforced concrete with a radius of 44.20 m (Fig. 10a) . In the CAD model, a set of keypoints are defined, and are linked by curved lines (splines), leading to a set of arcs to make the areas that form the dome. Specifically, there are 72 keypoints, which generate 75 splines and 28 areas (Fig. 10b) .
As in the previous example, the structure is under the gravitational load, so it is sufficient to consider the specific weight of concrete (25 kN/m 3 ). The geometry that is more similar to the one studied is that of a 36º angle. In particular, two types of this shell have been analyzed: the one with circular base (Fig. 4c) and that with square base (Fig. 4e) , both subject to different support distributions.
As the dome of Algeciras Market weighs on eight columns uniformly distributed at the outer contour, it is consistent to adopt an average value of the accidental imperfection sensitivity factor between the design with hinged supports and that with four supports located at the vertices. Using the graphical method, the factor is 5.48% more conservative than the analytical result. This error is not significant given that  hom * is corrected by a safety factor, which considers small deviations in the calculation. However, using the IASS Recommendations for spheres, the factor is 36.23% lower.
Initial geometric imperfection sensitivity factor  hom .
The calculable imperfection w 0 ' is quantified by the bending theory of shells. It is necessary to analyse the structure to obtain the deflection just before the start of buckling. Fig. 11 shows the displacements in the dome and the deformed shell. The maximum displacement w 0 ' is 0.1497 m. Using Eq. (4), the global initial geometric imperfection of the shell w 0 is 0.1674 m and the ratio w 0 /e is 1.86. The ratio w 0 /e is greater than one, so it runs off the graph. As the trend of the curves is practically constant for higher values of w 0 /e, the value of  hom corresponding to the point w 0 /e = 1 in the w 0 /e-axis is considered. Using the graphs in Fig. 4c and 4e, the average value of the initial geometric imperfection sensitivity factor  hom , reduced by 5% to consider that the base of the dome is octagonal, is 0.72.
Again, an important difference between this factor and that obtained using the curve for spheres is noticed. In the latter case, the factor is 0.20, 72.22% lower than the result obtained with the curves of Fig. 4c and 4e.
Cooling tower of the Ascó nuclear power plant
The hyperbolic rotational surface
The geometry of the cooling towers corresponds to a hyperbolic rotational surface. The equations that define this type of geometry can be found in [12, 14] , among others.
The thickness of the cooling towers is variable depending on the height. The IASS Working Group No. 3 [15] proposed to use the equation (R 2 H) 1/3 /400 to determine the minimum thickness at different levels, where R is the transverse radius of the tower and
The values of the geometric parameters that define the cooling tower studied (Fig.   12 ) are listed in Table 1 .
In the CAD model, there are four keypoints linked by four cylindrical curves at different Z-levels, generating a circumference whose radius depends on the height.
These circumferences determine a spline with the shape of the hyperbola that describes the outer surface of the model. Specifically, 28 keypoints are used to generate 32 curves (of which four are splines) and eight areas. The lines and areas that generate the hyperboloid are shown in Fig. 12b . The cooling tower is supported on columns equidistantly distributed around the base ring. The boundary conditions in these points are zero displacements and free rotations.
As in the previous examples, the structure is under the gravitational load, so it is sufficient to consider the specific weight of the concrete (25 kN/m 3 ). 25 used to define the medium hyperbolic rotational surfaces studied in section 3.5.
Therefore, the Fig. 5d has been used in the calculation of the imperfection sensitivity factor.
It should be noted that the graph used has been obtained for shells with the base ring clamped completely, when in fact the clamped supports are located in some isolated points of the base ring of the tower. A reduction in the stiffness of the support ring implies a reduction in the imperfection sensitivity factor [13] .
To account for this situation, a conservative method to quantify the accidental imperfection may be used. The IASS method proposes to consider the same value for the accidental imperfection and for the calculable imperfection, equal to the bending deflection in the shell just before the start of buckling. Fig. 13 shows the displacements in the structure and the deformed shell. The maximum displacement w 0 ' is 0.1318 m. Using the IASS method and Fig. 5d , the accidental geometric imperfection w 0 '' is 0.1318 m, and the ratio w 0 ''/e is 0.549. The factor  hom * is 0.58.
In the event of not having these graphs for rotational hyperboloids, the curve for the sphere and the cylinder axially compressed would have been used, so a value of 0.26 would have been obtained, which is considerably more conservative (55.17% lower). The result is quite similar to the graphical method, with an error of only 5.17%. As commented before, this error is insignificant because  hom * should be corrected by a safety factor, which considers small deviations in the calculation. However, using the IASS Recommendations for spheres, the factor is 52.73% lower.
Initial geometric imperfection sensitivity factor  hom .
According the IASS method, the initial geometric imperfection of the hyperbolic tower can be estimated by the addition of the two types of imperfections, resulting w 0 = 0.2636 m and the ratio w 0 /e = 1.10. This ratio barely exceeds one, so a value of  hom slightly lower than that for w 0 /e = 1 is adopted ( hom = 0.52).
Again, an important difference between this factor and that obtained using the curve for spheres is noticed. In the latter case, the factor is 0.20, 61.54% lower.
Conclusions
In this paper, the influence of imperfection on the buckling load is studied for the case of shells of different geometries (such as spherical dome, barrel vault and doublecurvature ruled surface: hyperbolic paraboloid and hyperbolic rotational surface) to those studied in the IASS Recommendations (sphere and cylinder).
The main conclusions of this study can be summarised in the following points:
1. Axially compressed models present the most unfavourable imperfection sensitivity factor, with a trend of the curves similar, or even below those in the IASS Recommendations for spheres and cylinders subjected to axial compression. Most models when laterally compressed, usually adopt intermediate values between the short and the long cylinder, except for the cases of spherical domes.
2. The behaviour of the spherical dome is mainly conditioned by the angle (taken from the ridge). The worst case is the hemisphere (with values slightly higher than the sphere).
3. Shells subjected to gravity show an imperfection sensitivity factor higher than shells subjected to lateral compression (between 5 and 10%).
4. There are no significant differences in the behaviour against imperfection between hinged and clamped supported shells. However, a reduction of the stiffness at the supports such as allowing horizontal displacement, presents a significant importance, since it causes a significant reduction in the imperfection 27 sensitivity factor.
5. In general, the less statically indeterminate the configuration of supports is, the closer to one the imperfection sensitivity factor is. However, for a certain geometry of a shell, significant changes in distribution and the number of supports may cause significant changes in imperfection sensitivity.
6. The IASS Recommendation to quantify the influence of geometric imperfection in shells whose behaviour is not known with certainty, by means of the curves for spheres and axially compressed cylinders, is too conservative.
